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NOTE ON MULTIPLE ¢-ZETA FUNCTIONS

D. V. DoLcy, G.-W. JANG AND T. Kim

ABSTRACT. In this paper we consider the analytic continuation of the multiple Euler
g-zeta function in the complex number field as follows:

(o)
(=1)ymatetme
(Fals, @) = [2]; :
R IR N e R

where ¢ € C with |g| < 1, ®(x) > 0, and » € N. Thus, we investigate their behavior
near the poles and give the corresponding functional equations.

1. Introduction/ Preliminaries

Let C be the complex number field. For s € C, the Hurwitz’s type Euler zeta
function is defined by

(1) E(s,z) = Qi %, where s € C, 2 #0,—1,-2,---, ('see [11] ).
k=0

Thus, we note that (¥(s,z) is a meromorphic function in whole complex s-plane. It
is well known that the Euler polynomials are defined as

@) 2 nt }OO:E @) for [t] <
= n e ,
et +1 — n!

and E, = E,(0) are called the n-th Euler numbers (see [ 7, 8, 9, 11]). By (1) and
(2), we note that (¥(—n,z) = E,(z), for n € Z,. Throughout this paper we assume
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that ¢ € C with |g| < 1 and we use the notation of g-numbers as [z], = 1=Z-. The

1—¢q
g-Euler numbers are defined as

2
W’ and (¢E+1)"+E, ,=0ifn>1,
q

where we use the standard convention about replacing E* by Ej 4( see [7]). Thus, we
define the ¢g-Euler polynomials as follows:

(3) Eo,q =

n n B
(4) E, 4(z) = Z <l>ql$[x]g 14" Ey 4, (see [7, 8, 15]).
1=0
For s € C, the g-extension of Hurwitz’s type g-Euler zeta function is defined by
(5) CE(s,x) = [2]qiﬂ, where & £ 0, —1,-2, - -.
! "o Itk

For n € Zy, we have (F(—n,z) = Ep4(z)(see [6, 7, 15] ). Let x be a Dirichlet’s
character with conductor f € N with f = 1(mod 2). It is known that the generalized
g-Euler polynomials attached to x are defined by

o0

o0 tm
6)  Fyx(t,z)=[2g > (=1)"x(m)elm+lat =~ Em,y.q(@)— see [7].
m=0 m=0 ’
Note that
: 2 (- (@)e L & fm

where E,,, , (x) are called the m-th generalized Euler polynomials attached to x. From
(6), we can derive the following equation.

(7)
- n n f-1 —1)%(a la
Fuxa(®) = 2y 3 (-1 x(mlmealy = 205 () oy 0 EPXDE
a=0

N l
o (-9 = L+

Now, we consider the Dirichlet’s type Euler g-I-function which interpolate E,, , ()
at negative integer. For s € C, define

(s x) = i % 2#£0,-1,-2, -, (see [6, 7, 8, 15]).
n=0 q

Note that ly(—n,z|x) = En yq(x) for n € Z;. In the special case z = 0, E, \ (=
E, y,4(0)) are called the n-th generalized Euler numbers attached to x. The theory of
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quantum groups has been quite successful in producing identities for g-special func-
tion. Recently, several mathematicians have studied g-theory in the several areas(see
[1-23]). In this paper we approach the g-theory in the area of special function. That
is, we first consider the analytic continuation of multiple g-Euler zeta function in the
complex plane as follows:

T
(8) qu(s’m) - [2](1 Z [erml Jr...erT]s’

my,-- ,m,=0 q

seC,z#0,-1,---.

From (8), we investigate some identities for the multiple ¢g-Euler numbers and polyno-
mials. Finally, we give interesting functional equation related to the multiple g-Euler
polynomials, gamma functions and multiple g-Euler zeta function.

2. Multiple ¢-Euler polynomials and multiple ¢g-Euler zeta functions

From (3), we note that

I T e -
) En,q—wg(l)mql—[21qu:O<—1> m + 2]

Let Fy(t, ) = Y00, By q(x)5;. Then we see that

(10) Fy(t,x) =1[2], Y (—1)melmtalat,

1

From (10), we note that lim,_,1 F,(¢,x) 2 et = 3% Fn(2), where E,(z)

et+1 nl»
are called the n-th Euler polynomials. For s € C, we have

1 > s— - (_1)71
(11) () /0 t5 1 F, (—t,z)dt = [2](17;) Tl where z #0,—-1,-2, -

By Cauchy residue theorem and Laurent series, we see that ¢ (—n,z) = E, 4(z) for
n € Z4. Let x be the Dirichlet’s character with conductor f(= odd) € N. From (6),
we can derive

f-1 0
Fyy(tz) =123 (—1)"x(a) Y _(—1)relotetnilat
f-1 o

=[2], Z(_l)ax(a) Z(_l)ne[f]q[”ya +nl st

a=0 n=0

(12)

Let us define the Dirichlet’s type g-Euler [-function as follows:

oo _1 m
(13)  Iy(s,zlx) = [2&%%, where s € C, x #0,—1,—-2,--- .
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From the Mellin transformation of Fy , (,z), we note that
(14)

1 0 - S (—l)nx(n)
F _t ts ldt - 2 Ty Ll h (C Oy_17_27
F(S)/o ax (=1, @) anz:% [TH—J:];; , where s € C, x #

By Laurent series and Cauchy residue theorem, we see that I,(—n,z|x) = Ey y q()
for n € Z4. Let us consider the following g-Euler polynomials of order r(€ N).

o0 o0 tn
(15) Fq(’")(t,x) — [2]2 Z (_1)m1+~-»+mre[m1+-»-+mr+w]qt — ZEv(lf)z(x)ﬁ‘
my,- ,mp=0 n=0 '

In the special case z = 0, E,(ft)]( Efft),(O)) are called the n-th ¢-Euler numbers of
order r. It is easy to show that lim, ,q F{"(t, ) = (ef}—l> et =% EY) ()&,

where E"” (z) are called the n-th Euler polynomials of order r. From (15), we note
that

r t r > m cee=m m M xT
EO:E() _!:[2](1 § : O(_l) 1t tmy g[ma e dmetalgt
n M, M=
(16) .
— T m+r—1 _1\m[m+z]gt
[Q]q (—1)™e .
m
m=0

Thus, we have

-5 () ()

Therefore, we obtain the following proposition.

Proposition 1. Forr € N, n € Z,, we have

EU)(z) = [2]7 i ) (=)™t iy e my o+ a2])
- [2]25:0 (:1 +n1; - 1) (—=1)™m + x];:
o (e ()

By Mellin transformation of Fq(r)(t, x), we see that

R Sl ik [
| [ A Ctaeta= 2 Y

— [m + z]§
=25 >

mi,- ,my=0 [

(17
(_1)m1+"‘+m7‘

, where s € C, x #0,-1,-2,---
mi+ -+ my + ozl

From (17), we can consider the following multiple g-Euler zeta function.
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Definition 2. For s € C, x € R with x # 0,—1,-2,---, we define the multiple
q-FEuler zeta function as follows:
> (=1)matetm,
Crralsi2) = [2]] :
’q qml,‘z;nr—o [ml T +mr+x];

Note that qu is meromorphic function in whole complex s-plane. By using Cauchy
residue theorem and Laurent series in (15) and (17), we obtain the following theorem.

Theorem 3. Forn € Zy, r € N, we have
¢B (~n,z) = B (@),

In (15), we have

(18)
f-1 00

e D D D
ay, - ,a,=0 my, - ympr=0

By (17) and (18), we obtain the following theorem.

Theorem 4. ( Distribution relation for Er(g?q(x))
Forne€Zy, f € Nwith f =1 (mod 2), we have

r f-1
(r) _ (2 n aitetap () (G tart@
En,q(l') - <[2]qqf > [f]q ah';’":o( 1) +-t En,qf ( f ) .

Moreover,

f-1 (_1)a1+~~~+arql(a1+-~-+ar)

o=t ()oer 8

ay,-,ar=0

Let x be the Dirichlet’s character with conductor f(= odd) € N. Then we define
the generalized g-Euler polynomials of order r attached to x as follows:

ZEygcq !

=2y Xyt | Ty | eletmmd

mi, ,mpr=0 Jj=1
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In the special case x = 0, E,(f;q(: ET(LT;Q(O)) are called the n-th generalized ¢-Euler

numbers of order r attached to x. From (19), we can derive

(20)
oo
F o) =[2; Y (-ymtet H AT
ml»"'7mr:0 :
> (mAr—1 1 r - s
= [2]2 Z (_1)m Z HX(CL 1 j= 1aje[m+m +25= 1aJ]q
m
m=0 a1, ,a,=0 \j=1

By (16) and (20), we obtain the following theorem.
Theorem 5. For f € N with f = 1(mod 2), we have

! () 3 w ) EH T
o= (ge) | 5 (e | comnn (522,

5 ~~,a,.:0 7 1

and

' 2 Sy, L i ([Deixay) (e
E(") (z)= d—q" ;( >(—q oy A |

ay,-,ar=0

From the Mellin transformation of Fq(r,z (t,x), we note that

o0 oo (=ymitEme (TT0 x(my)
(21) ﬁ/ FO(—taptd =2 Y [mﬁ_”gmé]s )

0 _
my, - mpr=0

)

where s € C, R(x) > 0. From (21) we can also consider the following Dirichlet’s type
multiple ¢g-Euler [-function.

Definition 6. For s € C, x € R with x # 0,—1,—-2,--- , we define Dirichlet’s type
q-FEuler l-function as follows:

~ (—1)mattme H?le(mj)
Ws,ah) = 23 [m1+.-.+(m;+a:]s )

ma, - ,mMy=0

Note that l((zr)(s, z|x) is also holomorphic function in whole complex s-plane. By
(20) and (21), we see that

1§ (s, z[x)

T f—1 r
- ﬁ ([[22]]q ) 2 1 x(a) | (~1)Z=racE (s, ap + - Jj a+a,

q qf a1y san=0 \j=1

By using Laurent series and Cauchy residue theorem, we obtain the following theorem.
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Theorem 7. Forn € Z, we have

(r) v) = g
lq (_n7‘r|X)_En,X,q(x)'

For ¢ = 1, Theorem 7 seems to be similar type of Dirichlet’s L-function in complex
analysis. That is, let x be the Dirichlet’s character with conductor d € N. Then
Dirichlet L-function is defined as

L(s,x|x) = Z %, where s € C, z #0,-1,—-2,--- .
n=0

Let n be positive integer. Then we have L(—n,z|x) = —B"+@, where B, , (z) are
called the n-th generalized Bernoulli polynomials attached to y (see [13, 14, 16, 18,
2, 3, 20-23)).
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